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Invariant sum defined in terms of complex
multivariate polynomial given degree.
Matthew A. Niemiro
Abstract
We use a generalized version of arithmetic progressions to obtain a non-
trivial everywhere-zero sum in terms of a complex univariate polynomial
and its degree. We then remark on its generalization to multivariate
polynomials.
1 Definitions used
Definition 1 Given an infinite sequence {an} with n a nonnegative integer,
say Da,j,i is the i−th term in the sequence of j−th differences of {an}. That is:
Da,j,i =
{
ai+1 − ai, if j = 0.
Da,j−1,i+1 −Da,j−1,i, if j > 0.
We have an analogous definition for polynomials:
Dp(x),j,i =
{
p(i+ 1)− p(i), if j = 0.
Dp(x),j−1,i+1 −Dp(x),j−1,i, if j > 0.
Definition 2 We say that a sequence {an} is arithmetic of degree s if Da,s,q is
constant and non-zero for all q.
Lemma 1 For an s-degree arithmetic sequence with s > 0 {an}, Da,s,x is non-
zero for all x ∈ Z+0 .
Proof: Let {an} be an s-degree arithmetic sequence, s > 0. By Definition
2, Da,s,x is constant for any non-negative integer x. Assume it is zero. By
definition 1:
Da,s−1,x+1 −Da,s−1,x = 0 =⇒ Da,s−1,x+1 = Da,s−1,x.
Therefore Da,s−1,x is constant, contradicting Definition 2. Our assumption is
therefore false; Da,s,x is non-zero. QED.
Lemma 2 Let {an} and {bn} be arithmetic sequences of degree α and β, re-
spectively. Then, {an + bn} is arithmetic of degree max(α, β).
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Proof: WLOG, Let α ≥ β. We have Da,α,i = Q ∈ C and Db,β,i = K ∈ C.
Let {qn} = {an + bn}. By definition, Dq,1,i = Da,1,i +Db,1,i and it follows that
Dq,s,i = Da,s,i +Db,s,i. If α = β, then Dq,α,i = Q+K and Dq,c,i is 0 for c > α.
If α > β we have Db,v,i = 0 for v > β and so Dq,α,i = Q. We have shown that,
in either case, {qn} is arithmetic of degree max(α, β). QED.
Lemma 3 It follows from a method of proof identical to that of Lemma 2 that
the arithmetic sequence {anbn} is of degree αβ.
2 Univariate polynomials as generalized arith-
metic sequences
Theorem 1 For any n-th degree polynomial p(x) ∈ C[x], the polynomial sub-
sequences {p(kx+ y)} for x ∈ Z+0 with k, y ∈ C are arithmetic of degree n.
Proof: We will induct over k to prove our theorem for {p(x)}x∈Z+0 , after which
the case for {p(kx+ y)} follows trivially. For the 0-th degree case:
p(x) = w0
With constant w0 ∈ C. As Dp(x),0,i = 0 is constant, {p(x)} is arithmetic and
of degree 0 by Definition 2. Thus our proposition holds for the 0-th degree
polynomials. Assume it holds for all polynomials of degree k. Let q(x) be a
polynomial in C[x] :
q(x) = wk+1x
k+1 + wkx
k . . . w1x+ w0
With constants wk+1, wk . . . w0 ∈ C. Now let z(x) = q(x)−w0x with z(0) defined
to be w1. By our assumption, Dz(x),k,i = Q for some Q ∈ C. Note that if z(x)
is multiplied by x then x may be factored out of Dxz(x),k,i It follows that:
Dxz(x),k,i = xDz(x),k−1,i = Qx
Additionally, adding a constant w to xz(x) does not affect any of the differences






Thus we have shown that if for any k-th degree polynomial p(x) ∈ C that
{p(x)}x∈Z+0 is arithmetic of degree k then for any k + 1-th degree polynomial
q(x) that {q(x)}x∈Z+0 is arithmetic of degree k+ 1. It follows from the principle
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of mathematical induction that for all p(x) ∈ C[x], {p(n)}n∈Z+0 is arithmetic of
degree deg(p(x)).
If we have k-th degree polynomial p(kx + y) with k, y ∈ C and simply let
q(x) = p(kx+ y), we see that our proposition holds for q(x) and therefore holds
for p(kx + y). We have thus shown for any n-th degree polynomial p(x) ∈ C
that {p(xk + y)} for x ∈ Z+0 and k, y ∈ C is arithmetic of degree n.
QED.
3 Invariant sum
















Where A is any constant sequence. Now we will induct over k. Assume for some
k that our theorem holds for any k-th degree arithmetic sequence, arbitrarily








Let {cn}n∈N be a k+1-th degree arithmetic sequence. Dc,1,i = {c1− c0, c2−






























(ck+1 − ck) . . .















(c1 − c0) = 0





























(ck − ck−1) . . .















































It is thus proven that if our theorem holds for all k-th degree arithmetic se-
quences, it must hold for all k + 1-th degree arithmetic sequences. By the
principle of mathematical induction, we are done. QED.
From Theorem 1, we have that {p(kx + z)} for degree-n p(x) ∈ C[x] and k, z









p(km+ z + 1)− p(km+ z)
)
= 0 (1)
Remark 1 Theorem 1 has an analog to multivariate complex polynomials, the
proof of which calls on Lemma 2 and 3. We omit this proof as it would triple the
length of the paper, and instead only mention it as a remark. This generalization
of Theorem 1 to multivariate polynomials along with Theorem 2 produce the









p(k1m+ z1 + 1, k2m+ z2 + 1 . . . kwm+




For p(x1, x2 . . . xw) a degree-n polynomial in w indeterminates with k1, k2 . . . kw,
z1, z2 . . . zw ∈ C.
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